Motivated by questions related to embeddings of homogeneous Sobolev spaces and to comparison of function spaces and operator ranges, we introduce the notion of closely embedded Hilbert spaces as an extension of that of continuous embedding of Hilbert spaces. We show that this notion is a special case of that of Hilbert spaces induced by unbounded positive selfadjoint operators that corresponds to kernel operators in the sense of L. Schwartz. Certain canonical representations and characterizations of uniqueness of closed embeddings are obtained. We exemplify these constructions by closed, but not continuous, embeddings of Hilbert spaces of holomorphic functions. An application to the closed embedding of a homogeneous Sobolev space on R n in L 2 (R n ), based on the singular integral operator associated to the Riesz potential, and a comparison to the case of the singular integral operator associated to the Bessel potential are also presented. As a second application we show that a closed embedding of two operator ranges corresponds to absolute continuity, in the sense of T. Ando, of the corresponding kernel operators.
powerful tool for the study of Hilb(H): for example, if L and R are operator ranges in H then both L ∩ R and L + R are operator ranges. Also, it is known, e.g. see [5] , that reproducing kernel Hilbert spaces have an interesting automatic continuity property: once L ⊆ R, for two reproducing Hilbert spaces L and R of functions on the same base set X , then the embedding is topological. This feature is shared by operator ranges as well and it can be put into a more concrete perspective using the connections between range inclusions, majorizations, and factorizations of bounded operators, as illustrated by a simple but very useful theorem that was first made explicit by R.G. Douglas [14] .
Keeping the discussion within the framework of Hilbert spaces, continuous embedding is an important topic in the theory of Sobolev spaces, e.g. considering the continuous embedding W l 2 (Ω) ⊆ L 2 (Ω), that can be proved for certain domains Ω in R n , see [1, 24] and the bibliography cited there. In addition, many results within the theory of spaces of holomorphic functions like Hardy, Bergman, Bloch, Besov, and their generalizations, are referring to a variety of continuous embeddings. However, to our knowledge, only bounded kernel operators have so far been considered, but, from the perspective of applications to linear operators of interest in mathematical physics it is necessary to consider unbounded kernel operators. To substantiate this assertion, let us mention that the homogeneous versions of Sobolev spaces cannot be continuously embedded in the ambient L 2 spaces and that similar phenomena appear in different theories of Hilbert spaces of holomorphic functions as well. In addition, investigations on a noncommutative Radon-Nikodym derivative have been related to the notion of absolute continuity for bounded nonnegative operators, cf. T. Ando [4] and proved to be of interest for the theory of quantum operations, e.g. see [17] and the bibliography cited there, make natural to ask whether there is any correspondent of this absolute continuity in terms of the associated operator ranges. All these questions make the motivations for this research and, to some of them, we can provide reasonable answers in this article.
In this paper we extend the notion of continuous embedding of Hilbert spaces to that of closed embedding in such a way that unbounded kernel operators are allowed, and we investigate its connection with operator ranges, its properties and especially uniqueness properties. We exemplify these constructions by pointing out closed embeddings that appear when comparing some Hilbert spaces of holomorphic functions on the disk (Hardy, Dirichlet, Bergman). As main applications we prove the closed embedding for certain homogeneous Sobolev spaces on the semi-axis and the Euclidean space R n into the ambient L 2 space and we obtain an equivalent characterization of absolutely continuous bounded kernel operators in terms of closed embeddings. In this enterprise, our approach starts from previous investigations on the abstract notion of Hilbert spaces induced by unbounded operators, as considered in our article [9] , and we show that closed embedding is a special representation of a Hilbert space induced by a positive selfadjoint operator within the ambient Hilbert space. This connection allows us to obtain a variant of the lifting theorem for closely embedded Hilbert spaces as well.
Other questions of this kind as closed embeddings of Krein spaces and their application to energy space representations associated to free particle Dirac operators, closed embeddings of Hilbert spaces of holomorphic functions of several complex variable, as well as for Hilbert spaces of harmonic functions, will be considered in subsequent articles.
Preliminaries
In order to extend the notion of continuously embedded Hilbert spaces to a case when the kernel operators can be unbounded, we first analyze the notion of operator range from this point of view by providing a universal model space, from where we will derive the definition of closely embedded Hilbert spaces in Section 3. On the other hand, since the notion of closely embedded Hilbert space will be a particular representation of that of induced Hilbert space, we first recall the basic notions and facts about this.
In the following we rely on the spectral properties of unbounded selfadjoint operators and the polar decompositions for closed densely defined operators in Hilbert space, e.g. see [7, 19, 27] . A few words about notation: if G and H are Hilbert spaces, then B(G, H) denotes the set of bounded operators T : G → H, while C(G, H) denotes the set of all closed and densely defined operators from G and valued in H.
Hilbert spaces induced by nonnegative selfadjoint operators
In this section we recall the definitions and the basic results on induced Hilbert spaces, cf. [9] . Let H be a Hilbert space and A a densely defined nonnegative operator in H (in this paper, the nonnegativity of an operator A means Ax, x H 0 for all x ∈ Dom( A)). A pair (K, Π) is called a Hilbert space induced by A if: (ihs1) K is a Hilbert space; (ihs2) Π is a linear operator with domain Dom(Π ) ⊇ Dom( A) and range in K;
Given any densely defined nonnegative operator A, Hilbert spaces induced by A always exist by an obvious quotientcompletion procedure. In addition, they are essentially unique in the following sense: two Hilbert spaces The main result of [9] is the following lifting theorem that generalizes lifting theorems as in [21, 26, 22, 11] 
The Hilbert space R(T )
We first present a construction of Hilbert spaces associated to ranges of general linear operators that will provide the model for the closed embedded Hilbert space.
Let T be a linear operator acting from a Hilbert space G to another Hilbert space H and such that its kernel Ker(T ) is closed. Introduce a pre-Hilbert space structure on Ran(T ) by the positive definite inner product ·,· T defined by
be the completion of the pre-Hilbert space Ran(T ) with respect to the corresponding norm · T , where u 2 T := u, u T , for u ∈ Ran(T ). The inner product and the norm on R(T ) will be denoted by ·,· T and · T throughout.
We first justify the assumption on the kernel of T . 
On the other hand, Ran(T ) = C1 is nontrivial. In addition, let us remark that T is not closable: the sequence x n (t) = (1 − t) n has the properties x n ∈ Dom(T ) and x n → 0 but T x n = 1 for all n ∈ N. Now we set a topological property. 
Indeed, let u ∈ R(T ). Since the set Ran(T ) is dense in R(T ) we can find a sequence (u n ) of vectors in Ran(T ) that converges to u in R(T ). To each element u n there corresponds x n ∈ Dom(T ) such that x n ⊥ Ker(T ) and u n = T x n for all n = 1, 2, . . . . Due to the fact that
we have that (x n ) is a Cauchy sequence in G. Thus, (x n ) is convergent to some element x ∈ G, and the assertion follows.
The converse implication is clear.
Further, consider the embedding operator j T 
In addition, since Ker(T ) is closed it follows that for arbitrary
and hence x ∈ Dom(T ). This shows that the converse inclusion j T U T ⊆ T holds, too.
The uniqueness of the coisometry U T is clear, from its properties. 2 Remark 2.6. The assumption in Lemma 2.5 that T is densely defined is not so important; if this is not the case then U T must have a larger kernel only, in order to keep it unique. More precisely, Ker(U T ) = Ker(T ) ⊕ (G Dom(T )) and, consequently, T P Dom(T ) ⊆ j T U T , which turns out to be an equality since Ker(T ) is supposed to be a closed subspace in G.
The most interesting situation, from our point of view, is when the embedding operator has some closability properties. The proof of the next proposition is an easy consequence of Lemma 2.5. In the following we consider the relation between taking the closures of T and that of the associated embedding j T . Given a closable operator T we denote by T its closure. (ii) The closure extension j T 
of the embedding operator j T is an injective operator if and only if
Proof.
(1) This is a consequence of Lemma 2.5.
(2) Assume that T is closable, hence j T is the same.
(i) As a consequence of Lemma 2.5 we have T = j T U T and, taking into account that U T is bounded, it follows that T ⊆ j T U T .
On the other hand, since U T is a coisometry with Ker(U T ) = Ker(T ) it follows that j T = T U * T whence, as before, it
(ii) Assume that j T is injective. Since j T = T U * T and U T is a coisometry with Ker(
Conversely, if Ker(T ) = Ker(T ), then we use again that j T = T U * T and that U T is a coisometry with Ker(
On the other hand, by Lemma 2.5 we have
is the identity operator, and that
We now present a sequence of remarks in order to clarify the special situation when the completion R(T ) can be realized within the space H. The proofs are simple applications of either Lemma 2.5 or Proposition 2.8.
Remarks 2.9. Let T be a linear operator from G to H, with closed kernel, and consider the construction as in (2.3).
(
An argument similar to that used above shows that (x n ) is convergent to an element x ∈ Dom(T ) (= Dom(T )). Evidently, x ⊥ Ker(T ) and, hence
Thus u = T x ∈ Ran(T ), and the assertion follows.
(b) T is a bounded operator on its domain if and only if the embedding operator j T is bounded on Ran(T ). Moreover, their bounds are the same.
(c) As in (b), let T be a bounded operator on its domain Dom(T ). In this case R(T ) = Ran(T ) (cf. (a)), and the bounded
In this case the space R(T ) cannot be realized naturally by elements of Ran(T ). In opposite case, that is when
Ranges of unbounded operators
In this subsection we consider some extensions of characterizations of ranges of bounded operators and related results. The next result generalizes a theorem of Yu.L. Shmulyan [29] and similar results of L. de Branges and J. Rovnyak [8] , to the case of closed densely defined operators between Hilbert spaces.
Theorem 2.10. Let T ∈ C(G, H) be nonzero and u ∈ H. Then u ∈ Ran(T ) if and only if there exists
where · T is the norm associated to the inner product defined as in (2.3).
Proof. Let u ∈ Ran(T ). Then u = T x for some x ∈ Dom(T ) and, for arbitrary v ∈ Dom(T * ), we have 
Range inclusion of operators is a classical issue related to majorization and factorization. The next result is essentially from R.G. Douglas [14] , but there a different order relation was used. To be more precise, given two positive selfadjoint 
and it is uniquely determined with these three properties.
On the other hand, if A is bounded and A A
* μ 2 B B * for some μ 0, then A = BC for some operator C ∈ B(G) with C μ. (ii) If A ⊆ BC for some operator C then Ran( A) ⊆ Ran(B). (iii) If Ran( A) ⊆ Ran(B), then A = BC for some linear operator C densely defined in G such that C x 2 M( x 2 + Ax 2 ) for all x ∈ Dom(C ). If,
in addition, A is bounded, then C can be chosen bounded, while if, in addition, B is bounded, then C can be chosen closed.
Remark 2.12. For the moment we exemplify the use of Theorem 2.11 by yet another proof of Theorem 2.10. For T ∈ C(G, H) let x ∈ H be nontrivial. Then P , the orthogonal projection onto Cx (the subspace of H spanned by x), is
Thus, by Theorem 2.11, x ∈ Ran(T ) if and only if P μ 2 T T * for some μ 0. Since Dom((T T * )
1/2 ) = Dom(T * ), this means that for arbitrary y ∈ Dom(T * ) we should have P y
μ T * y .
Closely embedded Hilbert spaces

Definition and some properties
As a consequence of the results presented in the previous section a natural generalization of the notion of continuously embedded Hilbert spaces can be singled out. 
Thus, the first three axioms from the definition of the induced Hilbert space are verified. The fourth axiom is clear since 
Proposition 3.2. Let T ∈ C(G, H) and consider the Hilbert space R(T ) closely contained in H, with its canonical closed embedding j T . Then T T
Proof. Since T is closed and densely defined, we can apply Lemma 2.5 and write T = j T U T , where 
Uniqueness
As in the case of bounded kernel operators and continuous embeddings, we can prove that Hilbert spaces that are closely embedded in a given Hilbert space are uniquely determined by their kernel operators. As expected, the uniqueness takes a slightly weaker form. 
and hence u = 0.
(d) As a consequence of (b) and (c) the inner products ·,· + and ·,· A 1/2 coincide on Ran( A 1/2 ) = Dom( j + ), and the same holds for their norms · + and · A 1/2 . Thus, the required formula for the norm · + follows from Theorem 2.10.
(e) Again, this follows from the fact that, on Ran( A 1/2 ) = Dom( j + ) the two norms · + and · A 1/2 coincide, and by the assertion (a). 2
As pointed out before, any closely embedded Hilbert space is, in an "essentially unique" way, a Hilbert space of type
R(T ).
We can now clarify even more the meaning of this "essentially unique" feature. 
) and x 1 = x 2 for all x in this common domain.
Hilbert spaces of holomorphic functions in the unit disk
In this subsection we exemplify the results on closely embedded Hilbert spaces to some Hilbert space of holomorphic functions in the unit disk.
Let 
Proposition 3.6.
( 
In order to prove this proposition we first prove an abstract result on closed embeddings of weighted 2 spaces, that may be interesting by itself as well. For w = (w n ) an arbitrary sequence of strictly positive numbers, let 2 w be the Hilbert space of weighted square summable complex sequences
with inner product
x, y w = n w n ξ n η n , (3.4) where x = (ξ n ) and y = (η n ) are both in 2 w .
In the following we use the notation wx = (w n x n ) for coordinatewise multiplication of numerical sequences. 
If sup n w n < ∞, then Proof. Assume that sup n w n = +∞. Observe that Dom( j w ) = 
.).
Since sup n w n = +∞ we can apply Proposition 3.7. If f (z) = n 0 a n z n is the Taylor expansion of an arbitrary function f holomorphic in the unit disk D, identified with the sequence x = (a n ) n 0 , then
is identified with the sequence wx = (a 0 , a 1 , 2a 2 , 3a 3 , . . . ,na n , (n + 1)a n+1 , . . .), and from here it follows easily that the operator K is the kernel operator of the closed embedding of the Hardy space H (n + 1)a n z n for f (z) = n 0 a n z n identified with the sequence x = (a n ), showing that (zf (z)) is identified with the sequence w −1 x = ((n + 1)a n ). n(n + 1)a n z n whenever f (z) = n 0 a n z n is the Taylor expansion of a function f holomorphic in D. 2
Closed embeddings of homogeneous Sobolev spaces
In this section we present a first application of our results to some homogeneous Sobolev spaces. Throughout this section we will use the basic notation and facts on Sobolev spaces as in R.A. Adams [1] and V.G. Maz'ja [24] .
A homogeneous Sobolev space on R +
We consider the Lebesgue space L 2 (R + ) and the homogeneous Sobolev space H 
and, respectively, the Dirichlet norm
By means of the Hardy inequality (see [18, Theorem 327, p . 240]) 
it is seen that on Ran(T ) (= 
Taking into account these facts we conclude that the completion R(T ) of the pre-Hilbert space (Ran(T ); ·,· T ) coincides with the homogeneous Sobolev space H 
Remark 4.2. Consider the operator of integration on a finite interval, for instance, let
In 
∈ Ran(T ), hence the overlapping between H + and H is not minimal, in this case. 
A homogeneous Sobolev space on
R n Let H = L 2 (R n ) and, for 2l < n, let H l 2 (R n ) denote the homogeneous Sobolev space of all functions u ∈ W l 2,loc (R n ) for which u 2 2,l < ∞, where u 2 2,l := R n (∇ l u)(x) 2 + |x| −2l u(x) 2 dx, u ∈ C ∞ 0 R n .
Proof. Let H = (− )
l defined on its maximal domain, i.e. on the Sobolev space W α 2 (R n ), α = 2l. Below we always assume that 2l < n. H represents a selfadjoint operator in H. Next, we consider the operator T defined in the space
The operator T can be written formally as 
T represents a closed unbounded operator in H (= L 2 (R n )), and, obviously, Ker(T ) = {0}. According to (2.3) we define an inner product on Ran(T ) by (4.4) and, respectively, for the corresponding norm of u ∈ Ran(T ),
Thus, the norm on Ran(T ) corresponding to the inner product defined by (4.3) is in fact the Dirichlet norm (4.5). Ran(T ) (= W l 2 (R n )) endowed with the norm (4.5) is not a complete space. The corresponding completion R(T ) can be described by using the following Hardy type inequality, e.g. as in V.G. Maz'ja [24, § 2.1.6] (see also E.B. Davies [10] for a recent review) 6) where, by definition
By the inequality (4.6) it follows that on C ∞ 0 (R n ) the norms defined by (4.5) and (4.2), respectively, are equivalent.
Therefore, the completion R(T ) of the pre-Hilbert space (Ran(T );
coincides algebraically and topologically with the homogeneous Sobolev space 
The Bessel potential
The proof of Theorem 4.4 was based on a certain factorization that used the singular integral operator associated to the Riesz potential. In this section we show that, if the Bessel potential is used instead, we get a continuously embedded Sobolev space.
Let H = L 2 (R n ), n 3, and let H denote the operator
is the Laplacian, l is a positive number (not necessary an integer). As the domain of H the Sobolev space W α 2 (R n ), α = 2l, is considered. H represents on this domain a positive definite selfadjoint operator. In particular, H is an invertible operator, and its inverse is bounded on H. Next, we denote 
where K ν is the modified Bessel function of the third kind, where c is a positive constant, see e.g. N. Aronszajn and K.T. Smith [6, § II.3] . Thus
This integral operator is known as the Bessel potential of order l, e.g. see [30] .
Note that T can be also regarded as a pseudodifferential operator corresponding to the symbol (1 + |ξ
where u = F u is the Fourier transform of the function u ∈ L 2 (R n ) ( x, ξ denotes the scalar product of the elements
According to (2.3) we define an inner product on Ran(
We have
and, respectively, for the corresponding norm
This norm is equivalent with the standard norm 
Closed embeddings as absolute continuity of kernel operators
In this section we present an application of closed embedding to operator ranges, more precisely, we get an equivalent characterization of closed embedding of two given operator ranges in terms of the absolute continuity of the corresponding kernel operators. There is a recent interest in connection with the absolute continuity of nonnegative operators, e.g. [17] and the bibliography cited there. We first recall the definition and the basic properties of absolute continuity of two nonnegative bounded operators. 
Parallel sum
where SO means that the limit should be taken with respect to the strong operator topology. T. Ando [4] , and independently E.L. Pekarev and Yu.L. Shmulyan [25] , got also the following formula [A]B is also called the Radon-Nikodym derivative of B with respect to A, cf. T. Ando [4] .
Closed embedding as absolute continuity
Let H be a Hilbert space and A ∈ B(H) + associated to which there is the operator range R(A 1/2 ), more precisely, The main result of this section is that absolute continuity in the sense of T. Ando is just another facet of closed embedding. This result should be compared with Theorem 2.11. The equivalence of the assertions (1) and (2) in the next theorem is essentially a result of H. Kosaki, more precisely Lemma 3 in [20] ; the proof of this equivalence follows the proof of Kosaki as well. where the latter inclusion holds because B is the strong operator limit of (B n ). Thus, without loss of generality, throughout this proof we can assume that A, and hence A 1/2 as well, are injective.
(1) ⇒ (2). Let (B n ) be the sequence as in Theorem 5.1(a). Since B 
